The resonator is one of the main building blocks of a plethora of photonic and microwave devices from nanolasers to compact biosensors and magnetic resonance scanners. The symmetry of the resonators is tightly related to their mode structure and multipole content which determines the linear and non-linear response of the resonator. Here, we develop the algorithm for the classification of eigenmodes in resonators of the simplest shapes depending on their symmetry group. For each type of mode, we find its multipole content. As an illustrative example, we apply the developed formalism to the analysis of dielectric triangular prism and demonstrate the formation of high-Q resonances originated due to suppression of the scattering through the main multipole channel. The developed approach one to engineer, predict, and explain scattering phenomena and optical properties of resonators and meta-atmos basing only on their symmetry without the need for numerical simulations, and it can be used for the design of new photonic and microwave devices.
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I. INTRODUCTION
Dielectric particles with high refractive index recently recommended themselves as a very prospective tool for light manipulation at the nanoscale. Their unique optical properties appear owing to Mie resonances, which can be excited even in the visible or near-infrared ranges for nanoscale particles [1] [2] [3] . Today dielectric particles with high refractive index have shown their for second [4] [5] [6] [7] and third [8] [9] [10] harmonic generation, sensing [11] , efficiency light localization [12] , enhancement of the outcoupling radiation [13, 14] , excitation of guided modes [15] [16] [17] [18] , heating [19] , enhancement of Raman scattering [20] etc. Along with low absorption in the visible and infrared ranges, an essential advantage of dielectric particles on their plasmonic counterpart is a pronounced magnetic response. Interplay between Mie resonances results in many beautiful phenomena like directional light scattering [21] [22] [23] [24] [25] [26] , anapole and invisibility [27] [28] [29] [30] [31] , supercavity mode [32, 33] , electromagnetically-inducedtransparency [34] etc. All these effects can be easily explained in terms of multipole expansion formalism [35] [36] [37] . The multipole formalism is very natural and convenient for small particles, when only several first resonances are essential. Thus, the Kerker effect is explained by constructive interference of electric and magnetic dipole resonances [38] , supercavity mode can be explained as cancelation of the dominant multipole moment of the mode. The selection rules for nonlinear harmonic generation in nanoantennas can be easily formulated in terms of multipole moments [39, 40] . Multipole formalism allows us to better study the properties of the eigenmodes of plasmon nanoparticles [41, 42] .
However, a one-to-one correspondence between the modes and multipoles can be set only for spherical resonators (spheres, core-shell particles, voids, etc). It occurs because of the angular part of the modes can be separated from the radial part of the wavefunction only for objects with spherical symmetry. Pure spherical res-onators in a homogeneous environment are found in colloidal solutions or atmospheric physics but for integrated photonics, this is a rather unique case due to the inability to fabricate a spherical resonator by lithographic methods. For non-spherical resonators, even for a sphere on a substrate, the eigenmodes are contributed by an infinite series of the multipole moments, which depends on the symmetry of the resonator. The knowledge of the specific multipole composition of the eigenmodes depending on the resonator's symmetry is very important for engineering photonics structures with on-demand optical properties.
In this work, we provide a comprehensive multipole analysis for non-spherical resonators. Using the grouptheoretical approach, we classify the mode types in resonators of different shapes and find the specific multipole series inherit to each type of the modes. In particular, we consider the resonators of the symmetry group of the cylinder, cone, cube, triangular and quadratic prisms, and chiral resonator. As an illustrative example, we apply the developed formalism to the dielectric triangular prism and analyze the evolution of the multipole content of the modes with the geometrical aspect ratio of the prism. We found a supercavity mode for the specific aspect ratio, when the radiative losses through the dominant multipole channel disappear and the quality factor demonstrates giant growth.
II. ANALISYS OF MULTIPOLE CONTENT
The eigenmodes of a homogeneous dielectric sphere E s (r) known as quasi-normal modes [43] or resonant states [44] are contributed by the single multipole moments. In other terms, each resonant state contains only one vector spherical harmonic (VSH) and E s (r) ∼ W s (r). Here, index s is a set of the indices {t, p, m, l} encoding the VSH W tpml . Index l = 0, 1, 2, ... is the total angular momentum quantum number, and m = 0, 1, ..., l arXiv:2002.11411v1 [physics.optics] 26 Feb 2020 is the absolute value of the projection of the angular momentum (magnetic quantum number). Index p = ±1 defines the parity of W s with respect to reflection from the xz-plane (ϕ → −ϕ). If p = ±1 then W s → ±W s under reflection form the xz-plane. Let us note that this definition of parity differs from that given in Ref. [1] . Index t denotes the polarization of the VSH and parity under inversion transformation. We put t = (−1) l+1 for the magnetic VSHs (usually denoted as M) and we put t = (−1) l for the electric VSHs (usually denoted as N) (see, e.g., Ref. [1] ). More detailed information about VSHs is provided in Appendix A. All these states form a complete set and, therefore, any eigenstate of a nonspherical resonator E q can be expanded into the series of E s (r) [45] :
Therefore, the multipole content of E q (r) is completely determined by the set of resonant states E s (r) contributing to this mode. Strictly speaking expansion (1) also contains longitudinal (non-solenoidal) harmonics L [46] . This fact does not affect the further symmetry analysis because the harmonics N and L with the same indices have the same symmetry with the respect to the transformations of O(3) group [46] . Some coefficients in Eq. (1) can vanish in virtue of the symmetry of the mode E q (r), which in turn is determined by the symmetry of the resonator. There are two ways to find non-vanishing coefficients.
The first way is to use the fact that eigenmodes are transformed according to irreducible representations of the symmetry group of the resonator [47] . Thus, we have the one-to-one correspondence between the irreducible representations and the types of the eigenmodes of the resonator, and each eigenmode corresponding to a certain irreducible representation consists of only those VSHs, which are transformed according to the same irreducible representation. The irreducible representations are well known for all point symmetry groups in threedimensional space [48] . To find the VSHs composing the basis of a certain irreducible representation it is possible to use the projection operator [49, 50] which helps to bring the transformation matrices to a block diagonal form. The transformation matrices are obtained by substituting the particular angles into D-Wigner matrices (Appendix B). To avoid dealing with D-Wigner matrices we can use the fact that electric VSHs are transformed as scalars harmonics under rotations and inversion in O(3) and magnetic VSHs are transformed in an opposite way under inversion, i.e. as pseudo-tensors. For some particular groups, the symmetry behavior of VSHs is analyzed in literature (see, e.g., [40, 50] ).
The second way to find non-vanishing coefficients in Eq. (1) is based on the resonant state expansion scheme [44] . This way doesn't require the irreducible representation formalism to find the multipolar content of each mode. Let us focus on this way more detailed.
Any finite dielectric resonator can be represented as a perturbation of the circumscribed sphere (see Fig. 2 ). The resonant state of a non-spherical resonator E q (r) satisfy the Helmholtz equation with open boundary condition (Sommerfeld boundary condition):
It follows from the generalized Brillouin-Wigner perturbation theory [51] that coefficients C q s satisfy the following linear system:
Here ω s and Ω q are the complex eigenfrequency corresponding to E s (r) and E q (r), respectively. The matrix elements V ss defined as
are responsible for the coupling between different resonant states with indices s and s in the perturbed resonator.
According to the selection rule theorem for matrix elements [52] , such an integral over the nanoparticle's volume is nonzero only if the integrand is invariant with respect to all transformations of the particle's symmetry group. That is why we are interested only in symmetry behavior of the vector spherical harmonics. Harmonics W tpml and W t p m l belong to the similar mode, if the integral in Eq. (5) is non-zero. The product of VSHs can be expanded into a series of scalar tesseral spherical harmonics ψ pml as follows [39] :
Here ψ pml are the functions invariant with respect to symmetry transformations of the resonator, index p = pp , and a p m l (r) is the function of radius-vector r. Indicator 1 l tt shows that the sum is taken over even l if tt = 1 and the sum is taken over odd l if tt = −1.
In order to find all W tpml contributing to a certain mode one can follow the following algorithm:
1. Find the functions ψ p m l , which are invariant with respect to symmetry transformations of the resonator. The simplest way to this is just have a look at images of the scalar spherical harmonics (see Fig. 8 ) and an image of ∆ε.
2. Take an arbitrary function W tpml . It is convenient to consider the function with the lowest indices. For instance, a function corresponding to magnetic or electric dipole.
3. Find harmonics W t p m l coupled to W tpml using the following relations:
(a) t = (−1) l t;
(b) p = p /p;
(c) search all l such as |l − l | ≤ l ≤ l + l ;
(d) search all m such as m ≤ l and m = |m ± m |;
Repeating this procedure for different initial functions W tpml and ψ p m l we will find that all VSHs are divided into groups. Each of these groups corresponds to some irreducible representation. Therefore, the proposed algorithm gives a way to classify the modes of resonators and find the multipole series contributing to each mode type.
III. RESULTS OF MULTIPOLE ANALYSIS

A. Cylindrical resonators
As an illustrative example, we consider a resonator with D ∞h symmetry. It can be a micro-pillar, dimer, or a simple cylindrical resonator in a homogeneous environment [see Fig. 2(a) ]. For instance, we will consider a cylindrical resonator. In virtue of the axial symmetry, this group has infinite number of irreducible representtions corresponding to different magnetic quantum numbers m. Table 3 shows the result, namely, the classification of the modes in resonators with D ∞h symmetry and the multipole content of each type of the modes. Let us show, how this table can be constructed using the proposed algorithm.
1. In virtue of the symmetry of ∆ε for the cylindrical resonator, the invariant functions ψ p m l should be even under inversion and and invariant with respect to the rotation by an arbitrary angle around the z-axis. Therefore, p = 1, m = 0, and l = 2k, where k is a positive integer.
2. Now let us consider, for example, harmonic W −1101 = N 101 corresponding to the electric dipole oriented along the z-axis. Therefore, t = −1, p = 1, m = 0, and l = 1.
3. According to the proposed algorithm, this harmonics can be coupled only to the harmonics with t = −1, p = 1, and m = 0. It follows from inequality |1 − l | 2k 1 + l that l is an arbitrary positive integer. However, all the harmonics W −110l = 0, when l is even. Therefore, all electrical harmonics N 10(2k−1) are coupled in the resonators of D ∞h symmetry and they do not couple to any other harmonics. All harmonics N 10(2k−1) form a basis of irreducible representation A 1u of D ∞h symmetry group (see table 3 ) [53] [54] [55] . Therefore, if one of these harmonics contributes to a mode, then all the rest also contribute to it. Thus, there is no need to iterate over these functions again during further analysis.
Let us repeat the procedure taking function W 1−101 = M −101 for the first step. Thus, t = 1, p = −1, m = 0, and l = 1. This multipole corresponds to the magnetic dipole oriented along the z-axis of the cylinder and it is often associated with the fundamental modes of the resonators made of high-refractive-index materials [12] . Following the algorithm, we can find that t = 1, p = −1, and m = 0. Again, it follows from inequality |1 − l | 2k 1 + l that l is an arbitrary positive integer. However, all the harmonics W 1−10l = 0, when l is even. Therefore, all magnetic harmonics M 10(2k−1) are coupled. They form a basis of irreducible representation A 2g of D ∞h symmetry group (see table 3 ).
Repeating the procedure for other harmonics with m = 0, it is possible to show that magnetic harmonics M −10(2k) are coupled and they form a basis of irreducible representation A 2u . The electric harmonics N 10(2k) are also coupled and they form a basis of irreducible representation A 1g . Therefore, one can see that all the modes with m = 0 in resonators of D ∞h symmetry group are divided into four independent groups contributing by different multipoles. This division has the simple origin. It is well-known that for m = 0, the solutions of Maxwell's equations can be divided into different polarizations usually denoted as TE and TM [56] . In addition, the modes of each polarization can be divided into the odd and even with respect to reflection in the xy-plane:
If σ z = 1 then the mode is defined as even, and if σ z = −1 then the mode is defined as odd. It follows from the proposed algorithm that only the modes with the same azimuthal index m and similar parities t and p are coupled. However, we can note that the modes with m = 0 are transformed through each other under rotations around the z-axis. Indeed, for example, the x-oriented electric dipole (N 111 ) turns into the y-oriented dipole N −111 under rotation by π/2 with respect to the z-axis. This means that these modes form a basis of high-dimensional irreducible representation and have the same energy. So, if under all possible transformations of the structure's symmetry the mode is only multiplied by some number (for example, N 101 → N 101 under rotations of the cylinder and N 101 → −N 101 under inversion), then the dimension of representation is one and the mode is not degenerate. If the mode transformed into some linear combination of itself and some other modes, then these modes are degenerate and the dimension of representation is more than one.
B. Effect of substrate
The classification of the modes in resonators of a cone symmetry (D ∞v ) can be straightforwardly obtained from the results for D ∞h symmetry group accounting for the fact that in D ∞v there is no mirror symmetry with respect to the xy-plane, and therefore, the modes are not divided into odd and even with respect to reflection in the xy-plane. Thus, for example, the basis of irreducible representation A 1 of D ∞v consists of all multipoles from A 1u and A 1g of D ∞h , as result, the even and odd mode are mixed (see table 3 ).
C. Other symmetry groups
Following the proposed algorithm we classify the modes and analyzed their multipole content for the groups of the triangular prism (D 3h ), quadratic prisms (D 4h ), cube (O h ) and chiral resonators of C 4h symmetry. The results of classification are shown in tables I, II, III, and in table 5. Note that for O h and C 4h groups we obtain that some similar vector spherical harmonics contribute to two different irreducible representations. This happens due to the fact that only one particular linear combination contributes to one mode and different combinations into others. For the case of the O h group, the combinations are provided in [57] . For the case of such resonators on a substrate, the even and odd modes should be mixed. Alternatively to the table form the classification could be represented graphically (see Fig. 4 ).
D. Bianisotropy
We can observe the destruction of bianisotropy for some modes in the transition from cone (D ∞v group) Table I . The classification of modes by representations and the multipole composition of eigenmode for triangular prism (D 3h ). For each mode type showed the dimension of irreducible representations and found specific series of VSHs N pml and M pml . Indices m and l expressed in s and k, which are positive integer, respectively. to cylinder (D ∞h group), increasing the symmetry of the particle. Bianisotropy in a single particle is shown in the form of the presence of an electric and magnetic multipole of the same order simultaneously in the eigenmode [58] . Indeed, the presence of magnetic and electric multipoles in one mode means, for example, that we can induce magnetic response by the incident wave with the symmetry of the electric dipole. The inversion symmetry forbids this effect. When structure has inversion symmetry, we can not obtain multipoles of different parity under inversion in one mode. Moreover, this is related not only to electric and magnetic multipoles of the same order, but also to any two multipoles of opposite parity.
IV. BOUND STATE IN THE CONTINIUUM IN THE TRIANGULAR PRISM.
We have shown that some coefficients C q s in expansion (1) can be zero due to the symmetry and, thus, some VSHs are not contribute to the modes. But some of the coefficients allowed by the symmetry analysis may vanish or be strongly suppressed accidentally for specific parameters of the resonators. In particular, change of the resonator's geometry preserving its symmetry can result in suppression of the radiative losses through multipole channels allowed by the symmetry. It results in a drastic increase of the quality factor (Q factor) and appearance of so-called supercavity mode or quasi-bound state in the continuum (quasi-BIC) [32] . This effect was studied in detail theoretically and experimentally for cylindrical resonators [59] [60] [61] . Here, we show that quasi-BIC can be observed in resonators of non-cylindrical symmetry.
As an example, we consider a dielectric triangular prism with a regular triangle at the base. Permittivity of the prism ε is taken equal to 81. The heigh of the prism is L and the length of the base edge is a. Figure 6(a) shows the dependence of dimensionless frequency ka on aspect ration a/L, where k is the wavenumber. The blue and red curves correspond to two eigenmodes of the resonator from the same irreducible representation E . These modes have the same multi- Table III . The classification of modes by representations and the multipole composition of eigenmode for cube (O h ). For each mode type showed the dimension of irreducible representations and found specific series of VSHs N pml and M pml . Indices m and l expressed in s and k, which are positive integer, respectively.
pole content and they can interact through the continuum [62, 63] . The interaction between these modes manifests itself as a characteristic avoid crossing. As a results of the interaction, the Q factor of one mode decreases (blue curve) and for the second mode, it increases (red curve). The dependence of Q factor on the aspect ratio L/a for these modes are shown in Fig. 6(c) . One can see the Q factor of one of the mode are increased by more than two orders of magnitude from 1·10 2 to 3.6·10 4 [point B in Fig. 6(b) ] in the vicinity of the avoid crossing, when a/L changes from 1.15 to 1.25. This clearly demonstrates the appearance of quasi-BIC in non-cylindrical resonators. The distribution of the electric field amplitude for the high-Q mode for different values of the aspect ration is shown in Fig. 6(b) . One can see that for the aspect ration a/L = 1.25, when the Q factor becomes maximal, the field distribution becomes more symmetric. This indirectly indicates the suppression of scattering through the main multipole channel.
To prove that, the increase in the Q factor is the result of scattering suppression through the main multipole channel, we analyse the multipole content of the radiated field as function of the aspect ratio of the prism. It follows from the symmetry analysis (see Table I ) that the lowest-order multipole contributing to the considered modes is the magnetic dipole moment (M ±1,1,1 ), next non-zero multipoles for these modes are the electric (N ±1,1,2 ) and magnetic (M ±1,2,2 ) quadropole moments, and the electric (N ±1,2,3 ) and magnetic (M ±1,1,3 ) octupole moments. The contribution of these multipoles to the radiated power as a function of the aspect ration is shown in Fig. 6(d) . The calculations were done using the COMSOL Multiphysics software package. One can see that exactly at the point B, where the Q factor reaches the maximal value, the magnetic dipole moment of the mode is suppressed and the mode behaves as electric quadrupole. It also can be seen from the far-field radiation patterns shown in Fig. 6 (e).
V. CONCLUSION
In summary, we have classified eigenmodes of the resonators of the simplest shape using the group theory analysis. For each type of the modes we found its multipole content. The proposed algorithm can be used for the resonators of arbitrary shapes made of any materials and placed into any environments. By the example of cylindrical and cone resonators, we demonstrated how their eigenmodes modes can be classified and how to find the specific multipole series inherit to each type of the modes. We presented ready-made tables of mode classification and their multipole content for resonators of cylindrical symmetry (on a substrate and in homogeneous environment), triangular and quadratic prisms, cube and chiral resonators. Many beautiful optical phenomena like anapole, invisibility, or directive light catering are usually considered only for spherical resonators because of the simplicity of their shape. However, in practice, it is difficult to have pure spherical resonators in homogeneous environment. Using the developed approach, the optical phenomena, which are explained in terms of multipole moments, can be extended beyond the resonators of spherical shape. Thus, we predicted and explained the appearance of quasi-bound state in the continuum in the triangular prism. Therefore, the developed formalism shows the beauty and power of the symmetry analysis in physics. It allows one to engineer, predict, and explain scattering phenomena and optical properties of resonators and meta-atmos basing only on their symmetry without numerical simulations, and it can be used for the design of new photonic and microwave devices. The vector spherical harmonics are defined in the following way:
where ψ 1mn (kr) = z n (kr)P m n (cos θ) cos mϕ , (A4) ψ −1mn (kr) = z n (kr)P m n (cos θ) sin mϕ.
Here z n (kr) can be replaced by spherical bessel function of any kind, and P m n (cos θ) is the associated Legendre polynomial.
Appendix B: Transformation of vector functions
Any point symmetry group transformation can be written as a combination of rotations and inversion, so there is no need to consider, for example, reflections, separately. Transformation of scalar spherical functions is given by the known formula [64] :
Here S l p pm m (R) are the matrices which can be obtained from the law of the transformation of complex spherical functions [66] . They are specific combinations of the Wigner D-matrices [65] , andR is the rotation matrix which transforms the radius vector. Note that functions with similar l are transformed through each other and the radial part z n (kr) is not transformed under point group transformations.
In case of inversion, the scalar spherical function are transformed as follows: ψ pml (−r) = (−1) l ψ pml (r) (B2)
One can proof that under rotations, vector spherical harmonics have similar behavior as scalar ones [67, 68] , which is illustrated in Fig. 7 . However, for the vector functions, the rotation can not be written in this simple way, because in order to rotate the vector function we need to rotate both the vector argument and the value of the function. It is convenient to write such a transfor- Only far-field radiation patterns are presented for the vector harmonics. Radiation patterns are similar for the harmonics N pml and M −pml , but polarization is orthogonal (example for the dipoles is in the insert).
